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FOREWORD 
The  M e t r o p o l i t a n  D e v e l o p m e n t  P r o j e c t  was  i n i t i a t e d  i n  
1 9 8 3  a s  a  c o l l a b o r a t i v e  s t u d y .  I n  1 9 8 4  e f f o r t s  h a v e  b e e n  
c o n c e n t r a t e d  o n  c r e a t i n g  a  m e t h o d o l o g i c a l  b a s i s  f o r  a  more  
f o c u s e d  r e s e a r c h  p h a s e  s t a r t i n g  i n  1 9 8 5 .  One o f  t h e  
p r i o r i t i e s  i s  t o  a n a l y z e  t h e  s p a t i a l  d y n a m i c s  o f  i n t e r a c t i n g  
p o p u l a t i o n s .  
T h i s  p a p a e r  c o n t a i n s  a n  a p p l i c a t i o n  o f  V o l t e r r a ' s  
e c o l o g i c a l  m o d e l  t o  t h e  i s s u e  o f  i n t e r u r b a n  p o p u l a t i o n  
inoveraents .  I n  t h e  p a p e r  i t  i s  a r g u e d  t h a t  t h e  V o l t e r r a  
p a r a d i g m  i s  u s e f u l  a l s o  f o r  r a o d e l l i  ng o f  human p o p u l a t i o n s .  
The  i s s u e  o f  f a s t  u r b a n  g r o w t h  and  d e c l i n e  i s  a n a l y z e d  
w i t h i n  t h i s  f r a m e w o r k .  
i k e  E .  A n d e r s s o n  
L e a d e r  
R e g i o n a l  I s s u e s  P r o j e c t  
November 1984  

ABSTRACT 
From a n  a n a l y t i c a l  v iewpoint ,  V o l t e r r a ' s  v a r i a t i o n a l  p r i n c i p l e s  and t h e i r  
a s s o c i a t e d  i n t e g r a n d s  i n  s i n g l e  and m u l t i p l e  s p e c i e s  i n t e r a c t i o n  under 
a b s o l u t e  growth c o n d i t i o n s  i n  t h e  f i e l d  of mathemat ica l  ecology a r e  
r econs ide red  and s i m p l i f i e d .  They a r e  t h e n  compared w i t h  t h e  c o n s e r v a t i o n  
c o n d i t i o n s  found a p p r o p r i a t e  t o  ho ld  i n  a  c l a s s  of dynamic problems of 
r e l a t i v e  growth i n  urban a n a l y s i s .  The comparison a s s i s t s  i n  i n t e r p r e t i n g  t h e  
i n t e g r a n d s  of g e o g r a p h i c a l  ( s p a t i a l )  a s s o c i a t i o n s  a s  a  " s t a t i o n a r y  e f f o r t  
f i t n e s s  f u n c t i o n "  a s s o c i a t e d  w i t h  a  cumula t ive  e n t r o p y  measure of t h e  r e l a t i v e  
u r b a n  dynamic s p a t i a l  d i s t r i b u t i o n s .  
From a s u b s t a n t i v e  v iewpoin t ,  t h e  paper  shows t h e  t h e o r e t i c a l  c o n d i t i o n s ,  
which would r e s u l t  i n  a l l  s p a t i a l  a c t i v i t y  t o  be c o n c e n t r a t e d  i n t o  a  s i n g l e  
p o i n t ,  s o  t h a t  i n f e r e n c e s  c a n  be made r e g a r d i n g  t h e  c o n d i t i o n s  under  which t h e  
a c t i v i t y  w i l l  d i s p e r s e .  It a l s o  demons t ra tes  t h a t  assuming a p a r t i c u l a r  
problem f o r m u l a t i o n ,  i n  t h i s  c a s e  a  r e l a t i v e  dynamic framework i n  a n  i n a c t i v e  
environment,  w i l l  r e s u l t  i n  o b t a i n i n g  s p a t i a l  c o m p e t i t i v e  excu l s ion .  T h i s  is  
d e n o n s t r a t e d  i n  a pars imonious  manner. 
- v i i  - 

f nt roduc t  i o n  
Mathematical  ecology f o r m a l i z a t i o n s  of u rban  and r e g i o n a l  s p a t i a l  
a s s o c i a t i o n s  have been s t e a d i l y  making in roads  i n t o  g e o g r a p h i c a l  a n a l y s i s  
dur ing  t h e  p a s t  f i v e  y e a r s ,  Dendrinos [ 2 ] ,  Curry [ I ] ,  Dendrinos and M u l l a l l y  
[ 3 ] ,  Sonis  [ l o ] ,  and o t h e r s .  T h i s  r e c e n t  work s u p p o r t s  t h e  argument t h a t  w e l l  
e s t a b l i s h e d  e c o l o g i c a l  i n t e r a c t i o n s  can  p rov ide  new and r i c h  i n s i g h t s  i n t o  t h e  
dynamic i n t e r d e p e n d e n c i e s  of a  broad c l a s s  of g e o g r a p h i c a l  systems.  
C e n t r a l  t o  t h i s  work is  t h e  r o l e ,  d e r i v a t i o n  and i n t e r p r e t i t i o n  of t h e  
v a r i a t i o n a l  p r i n c i p l e s  and corresponding " f i t n e s s "  f u n c t i o n s  which g i v e  rise 
( o r  u n d e r l i e )  t h e  p a r t i c u l a r  dynamics governing t h e  e v o l u t i o n  of such 
systems. S ince  t h e  e a r l y  developmental  s t a g e s  of t h e  f i e l d  of mathemat ica l  
ecology t h e  q u e s t  f o r  t h e s e  governing f u n c t i o n s  was viewed a s  a n  e s s e n t i a l  
element. Although t h e  i n t e r e s t  i n  such a q u e s t i o n  h a s  subs ided  s i n c e  t h e  
e a r l y  work by V o l t e r r a  on t h i s  t o p i c ,  found i n  Scudo and Z i e g l e r  [ 8 ] ,  i ts  
import  h a s  no t  deminished. 
Vol t  e r r a  was a b l e  t o  d e r i v e  d i f f e r e n t i a l  e q u a t i o n s  of a b s o l u t e  growth 
p o p u l a t i o n  dynamics of e c o l o g i c a l  a s s o c i a t i o n s  as s o l u t i o n  of v a r i a t i o n a l  
p r i n c i p l e s  s i m i l a r  t o  t h o s e  of c l a s s i c a l  mechanics. Moreover, V o l t  e r r a  gave 
t h r e e  d i f f e r e n t  forms of t h e s e  p r i n c i p l e s :  t h e  p r i n c i p l e  of  " l e a s t  a c t i o n "  f o r  
o n e s p e c i e s  p o p u l a t i o n  growth; '  t h e  p r i n c i p l e  of " s t a t i o n a r y  a c t i o n "  and 
p r i n c i p l e  of " l e a s t  v i t a l  a c t i o n "  f o r  m u l t i s p e c i e s  e c o l o g i c a l  dynamics. H e  
drew from Mauper tuis '  n o t i o n  of " q u a n t i t y  of a c t i o n "  and i t s  u s e  by D e s c a r t e s  
(wi th  t h e  p r i n c i p l e  of momentum) and by L e i b n i t z  ( w i t h  t h e  p r i n c i p l e  of 
k i n e t i c  energy) on t h e  i n t e g r a l s  of dynamic equa t ions .  V o l t e r r a ' s  main 
r e s u l t ,  however, emerged through t h e  u s e  of Hamil ton 's  p r i n c i p l e  of s t a t i o n a r y  
a c t i o n  reducing t h e  b i o l o g i c a l  a s s o c i a t i o n s  ( t h e  dynamic e q u a t i o n s )  t o  t h e  
mechanics ( k i n e t i c s )  of a  branch of problems i n  t h e  c a l c u l u s  of v a r i a t i o n s .  
A n a l y t i c a l l y ,  V o l t e r r a  showed how t h e  t r a j e c t o r i e s  i n  t h e  s p a c e  of s t a t e s  of 
e c o l o g i c a l  a s s o c i a t i o n s  (which d e s c r i b e  how t h e  system evo lves  over  t ime)  can  
be  found a s  f u n c t i o n s  ( e x t r e m a l s )  which g i v e  t h e  s t a t i o n a r y  v a l u e  f o r  a 
c e r t a i n  i n t e g r a l ;  i . e . ,  t h e  ex t remals  X a r e  t h e  s o l u t i o n  of t h e  v a r i a t i o n a l  
problem: 
when X i s  a  s t a t e  v a r i a b l e ,  T  i s  a t ime hor izon  and d o t  s t a n d s  f o r  t ime 
d e r i v a t i v e .  A s p e c i a l  c h o i c e  of t h e  i n t e g r a n d  I allowed him t o  d e r i v e  t h e  
e q u a t i o n s  of mot ion i n  e c o l o g i c a l  dynamics . f o r  a s i n g l e  s p e c i e s ,  l o g i s t i c  
growth,  ecology.  I n  t h i s  c a s e  t h e  i n t e g r a l  (0.1) o b t a i n s  a  minimum. F u r t h e r ,  
h e  w a s  a b l e  t o  d e r i v e  more g e n e r a l  fo rmula t ions  of governing i n t e g r a n d s  
r e g a r d i n g  t h e  dynamics of a g e n e r a l  c l a s s  of c o n s e r v a t i v e ,  m u l t i p l e  s p e c i e s  
e c o l o g i c a l  a s s o c i a t i o n s  under  a b s o l u t e  growth. Moreover, under  c e r t a i n  
c o n d i t i o n s  t o  be d i s c u s s e d  l a t e r ,  V o l t e r r a  d e r i v e d  t h e  p r i n c i p l e  of "least 
v i t a l  a c t i o n . *  A l l  d e r i v a t i o n s  a r e  d e s c r i b e d  i n  P a r t  I of t h i s  paper.  
V o l t e r r a  de f ined  c o n s e r v a t i v e  e c o l o g i c a l  a s s o c i a t i o n s  p r e t t y  much l i k e  i n  
classical mechanics: t h e  t o t a l  i n t e r a c t i o n  among s p e c i e s  i s  balanced i n  a  
manner t h a t  r e s u l t s  i n  t h e  v a l u e  of t h e  t o t a l  i n t e r a c t i o n  t o  e q u a l  zero .  
E c o l o g i s t s  d i d  no t  extend V o l t e r r a ' s  work i n  t h e  fo l lowing  decades.  They were  
d i s a t i s f i e d  by t h e  p e c u l i a r  c o n d i t i o n s  a s s o c i a t e d  w i t h  t h e  e x i s t e n c e  and 
s t a b i l i t y  p r o p e r t i e s  of V o l t e r r a ' s  c o n s e r v a t i v e  systems.  T h i s ,  coupled w i t h  
t h e i r  a lmost  e x c l u s i v e  i n t e r e s t  i n  a b s o l u t e  growth dynamics, d i d  n o t  p r o v i d e  
m a t h e n a t i c a l  e c o l o g i s t s  t h e  o p p o r t u n i t y  t o  s e a r c h  f o r  o t h e r  k i n d s  of 
c o n s e r v a t i v e  systems o r  r e l a t i v e  growth dynamics where t h e  e x i s t e n c e  
p r o p e r t i e s  of t h e  e q u i l i b r i u m  a r e  not  a s  unreasonable  o r  r e s t r i c t i v e  as t h e  
o r i g i n a l  V o l t e r r a  fo rmula t ions .  
Although a b s o l u t e  growth c o n s e r v a t i v e  dynamic systems may be of l i t t l e  
importance f o r  dynamic s p a t i a l  a n a l y s i s  i n  r e g i o n a l  s c i e n c e ,  r e l a t i v e  growth 
c o n s e r v a t i v e  dynamic sys tems a r e ,  Dendrinos ( w i t h  M u l l a l l y )  [ 4 ] .  At l e a s t ,  
t h e y  might be more impor tan t  t h a n  a b s o l u t e  growth i n  u r b a d r e g i o n a l  a n a l y s i s ,  
t h a n  they a r e  i n  t h e  f i e l d  of animal and p l a n t  ecology. F o r  example, i n  t h e  
a r e a  of aggrega te  urban dynamics, s i n c e  t o t a l  n a t i o n a l  growth may have v e r y  
l i t t l e  t o  do w i t h  any p a r t i c u l a r  urban a r e a  o r  r e g i o n  i n  a  n a t i o n a l  economy 
( p a r t i c u l a r l y  when a ve ry  l a r g e  number of m e t r o p o l i t a n  areas o r  r e g i o n s  a r e  
involved i n  absence of pr imacy) ,  i t  is e l a s t i c i t i e s  of growth t h a t  matter. 
C i t i e s  and r e g i o n s ,  competing wi th  one a n o t h e r  f o r  economic a c t i v i t y ,  a t t r a c t  
o r  r e p u l s e  growth depending on r e l a t i v e  advantages  they en joy  i n  t h e  n a t i o n a l  
space .  R e l a t i v e  growth has  been argued t o  be of importance  i n  a v a r i e t y  of 
o t h e r  geograph ica l  c o n t e x t s ,  i n c l u d i n g  in t ra -u rban  dynamics and t h e  p r o c e s s e s  
under ly ing  i n n o v a t i o n  d i f f u s i o n .  I n  t h e s e  c o n t e x t s ,  t h e  r o l e  of t h e  
environment a s  i t  may a f f e c t  a g g r e g a t e  urban dynamics c a n  be a n a l y t i c a l l y  
s t u d i e d  and t h e  purpose  of t h i s  paper  i s  p r e c i s e l y  t o  do so.  More 
s p e c i f i c a l l y ,  i s s u e s  a r e  addressed  regard ing  multi-urban i n t e r a c t  i o n  s t a b i l i t y  
and c o n d i t i o n s  under which t h e  e x i s t e n c e  of p o t e n t i a l s  can  be shown. 
Under a b s o l u t e  growth and f o r  c e r t a i n  c o n s e r v a t i v e  e c o l o g i c a l  
a s s o c i a t i o n s  V o l t e r r a  was a b l e  t o  d e r i v e  a governing i n t e g r a n d .  T h i s  paper  
shows t h a t  such a n  i n t e g r a n d  can  be d e r i v e d  f o r  p a r t i c u l a r  classes of s p a t i a l  
(u rban  c o n s e r v a t i v e )  sys tems ,  d i f f e r e n t  than  t h e  V o l t e r r a  ones ,  a s s o c i a t e d  
w i t h  r e l a t i v e  growth. T h i s  is done i n  P a r t  I1 of t h i s  paper.  R e l a t i v e  growth 
dynamics is  shown t o  be t h e  s o l u t i o n  of a  governing i n t e g r a n d  which measures 
t h e  en t ropy  of dynamic d i s t r i b u t i o n  and t h e  i n t e r a c t i o n  w i t h i n  t h e  z e r o  
a g g r e g a t e  growth r e l a t i v e  s p a t i a l  d i s t r i b u t i o n .  The s t a t i o n a r i t y  of t h e  
i n t e g r a l  of such a n  i n t e g r a n d  r e s u l t s  i n  s t a t i o n a r i t y  of a  cumula t ive  e n t r o p y  
measure of r e l a t i v e  s p a t i a l  d i s t r i b u t i o n s .  Th i s  i s  of p a r t i c u l a r  i n t e r e s t  t o  
geograph ica l  a n a l y s i s  s f  nce  i t  prov ides  i n s i g h t s  i n t o  t h e  f i t n e s s  f u n c t i o n s  
p r e s e n t  i n  s p a t i a l l y  i n t e r a c t i n g  urban systems. We l i n k  t h e s e  f i t n e s s  
f u n c t i o n s  t o  t h e  n o t i o n  of en t ropy ,  which we s t u d y  ( f o r  t h e  f i r s t  t i m e  i n  
dynamic s p a t i a l  a n a l y s i s )  n o t  on ly  o v e r  space ,  bu t  a l s o  o v e r  time. It is 
shoun t h a t  over  t i m e  en t ropy  i s  maximized, but  over  s p a c e  i t  is a t  a minimum 
i n  t h e  ( a s y m p t o t i c a l l y  s t a b l e )  s t e a d y  s t a t e ,  which r e p r e s e n t s  urban 
c o m p e t i t i v e  e x c l u s i o n  ( e . ,  t o t a l  agglomerat ion of p o p u l a t i o n  i n t o  one 
l o c a l e )  f o r  dynamic s p a t i a l  c o n s e r v a t i v e  systems.  I n t e r p r e t a t i o n s  and 
i m p l i c a t i o n s  a r e  d i s c u s s e d  a t  t h e  end of P a r t  11, where t h e  s u b j e c t  of 
uniqueness  of such i n t e g r a n d  i s  addressed.  F u r t h e r ,  s u g g e s t i o n s  on  s p e c i f i c  
hypotheses  f o r  e m p i r i c a l  t e s t i n g  a r e  p resen ted  t o g e t h e r  w i t h  conc lus ions .  
P a r t  I. V o l t e r r a ' s  In tegrands .  
I n  t h i s  P a r t  t h e  vork of V o l t e r r a  on a b s o l u t e  growth is  summarized and,  
i n  c e r t a i n  i n s t a n c e s ,  s i m p l i - f i e d  and extended t o  a c q u i r e  g e o g r a p h i c a l  and 
economic meaning. I n  S e c t i o n  A t h e  d e r i v a t i o n  of t h e  l o g i s t i c  growth p a t h  
f r m  a  v a r i a t i o n a l  p r i n c i p l e  i s  s u p p l i e d  f o r  t h e  s i n g l e  s p e c i e s  case .  S e c t i o n  
B d e a l s  w i t h  m u l t i p l e  s p e c i e s  i n t e r a c t i o n s  and t h e  d e f i n i t i o n  of V o l t e r r a ' s  
c o n s e r v a t i v e  sys tems (under  a b s o l u t e  growth) ,  and t h e i r  demographic energy 
no t ions .  I n  S e c t i o n  C t h e  v a r i a t i o n a l  p r i n c i p l e  g e n e r a t i n g  V o l t e r r a ' s  
c o n s e r v a t i v e  " s t a t i o n a r y  a c t i o n "  dynamic m u l t i p l e  s p e c i e s  i n t e r a c t i o n  is 
der ived .  F i n a l l y ,  i n  S e c t i o n  D t h e  p r i n c i p l e  of " l e a s t  v i t a l  a c t i o n "  by 
V o l t e r r a  i n  m u l t i p l e  s p e c i e s  i n t e r a c t i o n  is presen ted .  The r e a s o n s  t o  i n c l u d e  
a summary of V o l t e r r a ' s  work i n  P a r t  I is n o t  o n l y  t o  b r i n g  t h i s  s i g n i f i c a n t  
work i n  a  c a p s u l e  t o  t h e  a t t e n t i o n  of r e g i o n a l  s c i e n t i s t s  and u r b a d r e g i o n a l  
geographers  who have not  been exposed t o  i t  u n t i l  now, b u t  a l s o  t o  shed 
a d d i t i o n a l  l i g h t  on  V o l t e r r a '  s work by e l a b o r a t i n g  o n  a n d / o r  s i m p l i f y i n g  
c e r t a i n  d e r i v a t i o n s .  
A. The p r i n c i p l e  of "least a c t i o n "  f o r  one s p e c i e s  l o g i s t i c  growth. 
This  s e c t i o n  p r e s e n t s  t h e  f i r s t  a t t e m p t  t o  l i n k  e n t r o p y  w i t h  dynamics of 
s p a t i a l  s y s t e n s ,  d e f i n i n g  t h u s  cumulat ive  s p a t i a l  ent ropy.  V o l t e r r a  i n  h i s  
c l a s s i c a l  work on " t h e  c a l c u l u s  of v a r i a t i o n s  and t h e  l o g i s t i c  cu rve"  found i n  
Scudo and Z i e g l e r  [8] (p. 11-17) was t h e  f i r s t  t o  d e r i v e  t h e  Verhu l s t -Pear l  
e q u a t i o n  of l o g i s t i c  ( a b s o l u t e )  growth 
i - x ( a  - bx) 
f r m  t h e  min imiza t ion  of a n  i n t e g r a l  E - P I ( x , ; , ~ )  d t  , where: 
0 
V o l t e r r a  i n t e r p r e t s  X a s  t h e  t o t a l  (cumulat ive)  q u a n t i t y  of l i f e .  The E u l e r  
cond i t ion  f o r  op t imiza t ion  of E  is: 
The i n t e g r a n d  I, chosen by V o l t e r r a ,  is: 
where m l ,  m 2 ,  k a r e  a p p r o p r i a t e  c o n s t a n t s .  I n  I t h e  element of cumulat ive  




- m, ( I n  3 + 1)  - q b ( ln  ( a  - b =) + 1 )  
a d t  
I f  t h e  t h r e e  c o n s t a n t s  s a t i s f y  t h e  conditions(').:  
then: 
which i s  i d e n t i c a l  t o  t h e  o r i g i n a l  Verhuls t -Pear l  equat ion.  
( l ) ~ h e r e  is a p r i n t i n g  e r r o r  on page 16 of Scudo and Z i e g l e r  [ 8 ]  r e g a r d i n g  k = 
aml 
Vol te r ra  computed the  second v a r i a t i o n  of the  i n t e g r a l  E with respec t  t o  X and 
found i t  pos i t i ve ,  i nd i ca t i ng  E a t t a i n s  a minimum. I n  h i s  o r i g i n a l  paper 
Vol te r ra  i n t e r p r e t s  t h i s  a s  "reducing the  movement of popula t ion  t o  a 
p r inc ip l e  of minimum," Scudo and Z ieg l e r  [8J  p. 15. I n  compliance with the  
s p i r i t  of l a t e r  work by Vo l t e r r a  one must assume t h a t  he meant "minimum e f f o r t  
f o r  -adaptat ion,"  although Vo l t e r r a  does not e x p l i c i t l y  s t a t e  t h i s .  Note t h a t  
t h i s  expression E does not possess  a Hamiltonian, thus  i t  i s  not a p o t e n t i a l .  
B. Conservation of demographic energy i n  mul t ip le  spec i e s  i n t e r a c t i o n .  
Vol te r ra ' s  gene ra l  formulat ion of t h e  (non-logis t ic)  growth mu l t i p l e  
spec i e s  i n t e r a c t i o n  abso lu t e  growth is: 
1 i - ( a i + T  i 1 a j i  x j )  Xi = q x i  , i , j  = 1,2,...1 (2 9 1) 
i 1 
1 
where ai i s  the  " c o e f f i c i e n t  of self-growth", - is  an "equivalence f a c t o r "  
bi 
and ai is  a "demographic c o e f f i c i e n t "  (Vo l t e r r a ' s  terms [8],  p. 239). 
Coe f f i c i en t s  a dep i c t  p a r t i c u l a r  spec ies  a s soc i a t i ons  depending on t h e i r  
i j 
s ign .  Also, Vo l t e r r a  c a l l s  a t h e  "gross" growth r a t e ,  bi an  "average weight" i 
and ai t h e  "net" growth r a t e .  
The key not ion of V o l t e r r a ' s  e l abo ra t i on  is  t he  "value of t h e  whole 
assoc ia t ion"  V, o r  t h e  "ac tua l  demographic energy".: 
The d i f f e r e n t i a l  of V is equal  to:  
dv = 1 bi a i  x i  d t  + l 1 
'ji Xi X j  dt  (2.3) i i j 
on the  bas i s  of which i t  is  poss ib l e  t o  in t roduce  the  "demographic p o t e n t i a l  
energy" of an eco log ica l  ae soc i a t i on :  
I f  the value of the  second term i n  t h e  r.h.s. of condi t ion  (2 .3)  i s  always 
z e r o  1.e.: 
-' 
then t h e  ind iv idua l  i n t e r a c t i o n s  w i l l  not a f f e c t  t h e  t o t a l  e co log ica l  
a s soc i a t i on .  Requirement (2 .5) ,  according t o  Vol te r ra ,  i s  t h e  d e f i n i t i o n  of a 
"conservat ive eco logica l  assoc ia t ion ."  
The system of d i f f e r e n t i a l  equat ions (2.1) impl ies  t ha t :  
and, therefore ,  t he  d e f i n i t i o n  (2.5) of a conservat ive eco log ica l  a s soc i a t i on  
a l a  Vol te r ra  i s  equiva len t  t o  t h e  fol lowing condi t ion :  
I n t e g r a t i o n  of (2.6) g i v e s  us: 
1 bi x i  - a X ) = Comt  
1 i i 
o r ,  due t o  (2.2), 2.4).: 
This  is Vol t e r r a ' s  " p r i n c i p l e  of conserva t ion  of demographic' energy' vhich is 
t h e  stnu of ac tua l  demographic energy V and the  p o t e n t i a l  demographic energy P 
([BIB P* 242)- 
I n  o rde r  f o r  t h e  a s s o c i a t i o n  t o  be conservat ive,  Vo l t e r r a  proves ( [ 8 ]  
p. 165, employing unnecessar i ly  complicated proofs ) ,  t h a t  t h e  fo l l ov ing  tvo 
antisymmetry condi t ions  nus t be met: 
A s impler  proof goes a s  follows: t h e  expression (2.5) can be w r i t t e n  as:  
which i d e n t i f i e s  a  polynanial  of second degree i n  t h e  independent va r i ab l e s  
x1,x2,. . . , xI. The condi t ion  r equ i r e s  t ha t  a l l  c o e f f i c i e n t s  be zero. This  
impl ies  d i r e c t l y  (2.10). Thus, condi t ions  (2.10) a r e  equiva len t  t o  t h e  
d e f i n i t i o n  (2.5) of a  conserva t ive  eco logica l  a s s o c i a t i o n  and t o  (2.7);  they 
a r e  necessary condi t ions  f o r  an  equi l ibr ium t o  exist, but no t  s u f f i c i e n t .  A t  
bes t ,  t h e  equi l ibr ium is  n e u t r a l l y  s t a b l e ,  something which occurs  when a l l  
e igenvalues  have zero  r e a l  p a r t s ; ' o t h e r v i s e  t h e  equi l ibr ium i s  unstable .  This  
is  a  d i r e c t  r e s u l t  f r m  t h e  f a c t  t h a t  t he  sum of t he  r e a l  p a r t s  of t he  
eigenvalues  equals  t h e  sum of t h e  diagonal  elements of mat r ix  [ a  1, vhich is i j  
ze ro  ( s i n c e  aii = 0,  f o r  a l l  i = 1,2,..., I ) .  
The non-zero equi l ibr ium s t a t e s  of V o l t e r r a ' s  conserva t ive  eco logica l  
a s s o c i a t i o n  immediately g i v e  u s  t h e  f i r s t  i n t e g r a l  of t h e  system of 
d i f f e r e n t i a l  equat ions (2.1). ( I t  v i l l  be r e c a l l e d  t h a t  a  f i r s t  i n t e g r a l  of a  
system of . d i f f e r e n t i a l  equa t ions  is a  func t ion  vhich has  a  cons tan t  value 
aloog each s o l u t i o n  of t h e  system of d i f f e r e n t i a l  equations.)  Fol loving,  is  
t h e  de r iva t ion  of t h e  f i r s t  i n t e g r a l ,  vhich has an  i n t e r e s t i n g  form f r a n  an 
econanic theory e tandpoint.  
* * * 
The nor rzero  equi l ib r ium s t a t e  (xl ,  x2, . . . , xI) of Vol te r ra ' s  
conserva t ive  eco log ica l  a s s o c i a t i o n  must ev ident ly  s a t i s f y  t h e  "fundamental 
system" (Vo l t e r r a ' s  term) : 
The non-zero equ i l ib r ium s t a t e  of t h i s  c o n s e r v a t i v e  a s s o c i a t i o n  ( i f  i t  
e x i s t s ) ,  due t o  c o n d i t i o n s  (2 .5 ) ,  o r  (2 .7) ,  r e q u i r e s  t h a t :  
Condi t ions  (2 .1) ,  (2 .7) ,  (2 .10) ,  (2.12),  (2.13) combined imply t h a t :  
Thus, 
and, t h e r e f o r e ,  
t h i s  impl i  e s  f u r t h e r  t h a t  a t  a l l  time per iods :  
x* bi 
exp v / n (Xii)  - C o m t  , 
i 
where V i s  t h e  va lue  of t h e  whole a s s o c i a t i o n  (2.2). Thus, t h e  f u n c t i o n  
i s  t h e  f i r s t  i n t e g r a l  f o r  t h e  s y s t a n  (2.1). Condi t ion  (2.16) can be a l s o  
w r i t t e n  as: 
biXi - exp v 
xi i Cons t 
T h i s  e x p r e s s i o n  f o r  t h e  f i r s t  i n t e g r a l  c a r r i e s  some economic i n t e r p r e t a t i o n  
from e i t h e r  a  u t i l i t y  o r  p roduc t ion  f u n c t i o n  s t a n d p o i n t .  It corresponds t o  a  
Cobb-Douglas type  u t i l i t y / p r o d u c t i o n  f u n c t i o n ,  where 5 c a n  be viewed as a 
* 
v e c t o r  of i n p u t  f a c t o r s  i n  product ion,  - x t h e i r  e q u i l i b r i u m  v a l u e s ,  and - b as 
t h e  v e c t o r  of t h e i r  p r i c e s .  , Q u a n t i t y  expV from c o n d i t i o n  (2.2) i s  t h e n  t h e  
t o t a l  v a l u e  added. The r e t u r n s  t o  s c a l e  a r e  equal  t o  V s i n c e  (2.2) ho lds .  
The s t a t i o n a r y  p r i n c i p l e ,  t o  be e l a b o r a t e d  i n  S e c t i o n  C below, t h u s  may be 
c r i t i c a l  i n  connec t ing  ecology (and t h e  n a t u r a l  s c i e n c e s )  t o  economics. 
One of t h e  p e c u l i a r  f e a t u r e s  of V o l t e r r a ' s  c o n s e r v a t i v e  a s s o c i a t i o n s  i s  
t h e  f a c t  t h a t  f o r  t h e  equ i l ib r ium t o  exist t h e  a s s o c i a t i o n  must c o n t a i n  a n  
even number of d i f f e r e n t  s p e c i e s  ( [ 8 ] ,  p. 174) .  Th i s  fundamental  d i f f e r e n c e  
between t h e  e c o l o g i c a l  a s s o c i a t i o n s  c o n t a i n i n g  even and odd number of s p e c i e s  
i s  d i f f i c u l t  t o  a c c e p t  from a n  e c o l o g i c a l  v iewpoint ;  because of t h i s ,  
V o l t e r r a ' s  c o n s e r v a t i v e  e c o l o g i c a l  a s s o c i a t i o n s  were c r i t i c a l l y  cons idered  by 
b i o l o g i s t s .  I n  P a r t  11 t h e  c o n s e r v a t i v e  a s s o c i a t i o n s  w i t h  z e r o  growth w i l l  be 
ana lyzed ;  f o r  t h e s e  r e l a t i v e  growth e c o l o g i c a l  a s s o c i a t i o n s  t h e  d i s t u r b i n g  
e f f e c t  of even and odd number of s p e c i e s  d i s a p p e a r s .  Before ,  however, 
e n t e r i n g  t h i s  t o p i c ,  w e  c l o s e  V o l t e r r a ' s  a n a l y s i s  by summarizing t h e  f i n d i n g s  
regard ing  V o l t e r r a ' s  v a r i a t i o n a l  p r i n c i p l e .  
C. The p r i n c i p l e  of s t a t i o n a r y  a c t i o n  f o r  t h e  m u l t i p l e  s p e c i e s  c o n s e r v a t i v e  
a s s o c i a t i o n s  by V o l t e r r a .  
Ana log ica l  t o  t h e  s i n g l e  s p e c i e s  c a s e ,  V o l t e r r a  cons idered  a  m u l t i p l e  
s p e c i e s  c o n s e r v a t i v e  a s s o c i a t i o n  embedded w i t h i n  t h e  i n t e g r a l  (which w e  s h a l l  
c a l l  t h e  "cumulative a c t i o n " ) :  
where t h e  i n t e g r a n d  G (which we s h a l l  c a l l  t h e  " c u r r e n t  a c t i o n " )  i s  given  by: 
where 
Xi = x i ( t )  d t  Again, t h e  element of cumulat ive  entropy i s  
p r e s e n t .  The u p r e s s i o n  1 b X 1 n  Xi is V o l t e r r a ' s  ' t o t a l  i n f i n i t e s i m a l  v i t a l  
i i i 
a c t i o n " ;  thus ,  t h e  c u r r e n t  a c t i o n  (3.2) i s  div ided  i n t o  t h r e e  p a r t s ,  each 
connected cor responding ly  wi th:  v i t a l  a c t i o n  ( t h e  en t ropy  measure of t h e  
a s s o c i a t i o n ) ,  i n t e r a c t i o n ,  and demographic energy ( t h e  t o t a l  q u a n t i t y  of l i f e )  
a t  a s i n g l e  t ime per iod .  Th is  e c o l o g i c a l  i n t e r p r e t a t i o n  of a c t i o n  can o b t a i n  
a deeper  meaning f o r  an  a s s o c i a t i o n  under  r e l a t i v e  s p a t i a l  growth c o n d i t i o n s  
( s e e  P a r t  11).  
I n  Appendix A, i n  a more e x p o s i t o r y  manner than  V o l t e r r a ,  we prove t h a t  
t h e  i n t e g r a n d  G f r a n  (3.2) under i n t e g r a l  E of (3.1) produce (2.1) a s  its 
E u l e r  condi t ion.  The f i r s t  o r d e r  ( E u l e r )  c o n d i t i o n  d e f i n e s  t h e  p r i n c i p l e  of 
s t a t i o n a r y  a c t i o n ,  s i n c e :  
A 
Having s o  a p t  a n  e x p r e s s i o n  (3.1,2) f o r  t h e  cumulat ive  a c t i o n ,  V o l t e r r a  
c o n s t r u c t e d  t h e  corresponding Hamil tonian H and t h e  c a n o n i c a l  system of 
d i f f e r e n t i a l  equa t ions  e q u i v a l e n t  t o  (2.1). He used t h e  c a n o n i c a l  (co-s ta te)  
v a r i a b l e s  Xi and pi, where: 
aG 
Pi 
- -  (3.4) 
and in t roduced t h e  Bami l ton ian  H i n  t h e  form, w i t h  G g i v e n  by (3.2).: 
The system (3.3) n w  has  t h e  fo l lowing  c a n o n i c a l  form: 
Expression (3 .4 )  implies  t ha t :  
from which we obta in :  
and, using (3.5),  
1 
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Thus, t h e  Hamiltonian H coincides with t o t a l  demographic energy, and, 
t he re fo re ,  t h e  p r i n c i p l e  of t h e  conservat ion of demographic energy i s  met 
s i n c e  H = V + P = Coast. H is t h e  f i r s t  i n t e g r a l  of t h e  system (3.3). I n  
t h e  canonical  v a r i a b l e s  Xi, pi, t h e  Hamiltortian obta ins  t h e  form, from (3.81: 
D. The p r i n c i p l e  of " l e a s t  v i t a l  ac t ion"  f o r  t he  m u l t i p l e  spec i e s  
conserva t ive  a s soc i a t ions  by Volterra .  
I n  t h i s  s e c t i o n ,  a s p e c i a l  ca se  of multi-species i n t e r a c t i o n  is presented 
( t h e  case  where the  demographic work is zero.) We w i l l  draw from t h i s  s p e c i a l  
ca se  f o r  our i n t e ~ u r b a n  s p a t i a l  dynamics i n  s e c t i o n  C of P a r t  11. Vol t e r r a ' s  
d e f i n i t i o n  of t h e  t o t a l  v i t a l  a c t i o n  f o r  a  c o n s e r v a t i v e  m u l t i s p e c i e s  
a s s o c i a t i o n  is  t h e  i n t e g r a l :  
The f i r s t  and second v a r i a t i o n s  of t h e  v i t a l  a c t i o n  A w i l l  be ( i n  a manner 
equ iva len t  t o  t h e  one shown i n  Appendix A): 
and 
where hi a r e  t h e  v a r i a t i o n s  of Xi such t h a t  hi(0) = hi(T) = 0. L e t  X1, 
X2, .. . , XI be t h e  q u a n t i t i e s  of l i f e  f o r  each kind of s p e c i e s .  T h e r e f o r e  t h e  
X i ' s  f r a n  (2.1) s a t i s f y  t h e  s y s t a n  of equa t ions :  
where: 
a r e  V o l t e r r a ' s  "demographic c o e f f i c i e n t s "  o r  " e f f e c t i v e  c o e f f i c i e n t s  of 
i n c r e a s e "  ( [ 8 ] ,  p. 239). The s u b s t i t u t i o n  of (4.4) i n t o  (4.2) g i v e s  t h e  
fol lowing e x p r e s s i o n  f o r  t h e  f i r s t  v a r i a t i o n  &I of t h e  v i t a l  a c t i o n  A: 
whi le  hi are t h e  v a r i a t i o n s  of q u a n t i t i e s  of l i f e  Xi such t h a t  h i (0)  - hi(T) - 
0. The e x p r e s s i o n  
i s ,  by V o l t e r r a ,  t h e  "vork of growth", o r  t h e  " v i r t u a l  demographic vork" f o r  
t h e  v a r i a t i o n s  h l ,  h2,.. . ,hI. 
L e t  u s  assume t h a t  f o r  some i n f i n i t e s i m a l  v a r i a t i o n s  of t h e  q u a n t i t i e s  of 
l i f e  t h e  v i r t u a l  demographic work i s  e q u a l  t o  ze ro :  
t h e n  t h e  f i r s t  v a r i a t i o n  of t h e  t o t a l  v i t a l  a c t i o n  w i l l  be z e r o  6A = 0 . 
Simul taneously ,  due t o  p o s i t i v i t y  of t h e  "average weights"  of s p e c i e s  
bi > 0 and t h e  p o s i t i v i t y  of popu la t ions ,  t h e  second v a r i a t i o n  (4 .3)  of t h e  
2  t o t a l  v i t a l  a c t i o n  i s  s t r o n g l y  p o s i t i v e  (6 A > 0. ) . The increment of t h e  
t o t a l  v i t a l  a c t i o n  &, due t o  t h e  e x p r e s s i o n  (3 .5) ,  w i l l  be 
Thus, any i n f i n i t e s i m a l  v a r i a t i o n  hi, h2 ,  . . . , hI of t h e  q u a n t i t i e s  of l i f e  
XI,  X2, ..., XI w i t h  z e r o  v i r t u a l  demographic work (4.8) w i l l  de te rmine  a n  
i n c r e a s e  of t h e  t o t a l  v i t a l  a c t i o n  (4.1). Thus, V o l t e r r a  proposed a n  i n t e g r a l  
4 k  
A t o  govern t h e  e v o l u t i o n  of )rr m u l t i p l e  s p e c i e s  i n t e r a c t i o n  over  a  time 
h o r i z o n  which a t t a i n s  a  minimum. T h i s  s t a t a n e n t  summarizes V o l t e r r a ' s  main 
v a r i a t i o n a l  p r i n c i p l e  problems of l e a s t  v i t a l  a c t i o n  f o r  c o n s e r v a t i v e  
e c o l o g i c a l  a s s o c i a t i o n  w i t h  e c o l o g i c a l  dynamics as i n  (4.4). 
P a r t  11. Conserva t ion  Condi t ions  i n  Urban Dynamical Systems. 
I n  t h i s  P a r t  we d e a l  wi th  r e l a t i v e  growth dynamics, a  problem V o l t e r r a  
never addressed.  Equ iva lences  a r e  drawn betveen t h e  a b s o l u t e  and r e l a t i v e  
growth which i s  d e f i n e d  under d i f f e r e n t  c o n d i t i o n s ,  i n  S e c t i o n  A. The 
necessa ry  and s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  e x i s t e n c e  of a n  e q u i l i b r i u m  i n  
r e l a t i v e  growth a r e  demonstrated i n  S e c t i o n  B w i t h  t h e i r  advantages  o v e r  
V o l t e r r a ' s  c o n s e r v a t i v e  s y s  t e n s  exposed. F i n a l l y ,  t h e  v a r i a t i o n a l  p r i n c i p l e s  
and t h e i r  e n t r o p i c  n a t u r e  a r e  provided i n  S e c t i o n  C, t o g e t h e r  w i t h  t h e i r  
i n t e r p r e t a t i o n  f o r  s p a t i a l  systems.  
A. P r o p e r t i e s  of s p a t i a l  dynamic i n t e r a c t i o n .  
V o l t e r r a ' s  a b s o l u t e  growth m u l t i p l e  s p e c i e s  ecology n e c e s s i t a t e s  
c o n v e r t i n g  each  s p e c i e s  popu la t ion  t o  t h e  conserved q u a n t i t y  V. T h i s  is done 
through t h e  u s e  of t h e  hi's (what V o l t e r r a  c a l l e d  "weight e q u i v a l e n t s " ) .  As 
we mentioned i n  P a r t  I t h i s  set of pa ramete r s  can  be i n t e r p r e t e d  as f a c t o r  
p r i c e s  i n  econan ic  p r o d u c t i o n  theory where d i f f e r e n t  i n p u t  f a c t o r s  a r e  
invo lved  which are heterogeneous ,  f o r  example, l a b o r  and c a p i t a l .  However, 
when d e a l i n g  w i t h  human p o p u l a t i o n  d i s t r i b u t e d  o v e r  space ,  o r  any o t h e r  
homogeneous g e o g r a p h i c a l  v a r i a b l e  (income, c a p i t a l ,  e t c . )  under r e l a t i v e  
growth c o n d i t i o n s ,  t h e  conserved q u a n t i t y  (whatever  thay may be) does  n o t  need 
convers ion  f a c t o r s .  Whereas, V o l t e r r a  avoided t h e  c o n s i d e r a t i o n  of p a r t i c u l a r  
c o n s e r v a t i v e  c o n d i t i o n s  ( f o r  example, [ 8 ] ,  p. 170 on z e r o  se l f -growth)  p a r t l y  
because  h e  d e a l t  w i t h  t h e  h e t e r o g e n e i t y  of b i o l o g i c a l  s p e c i e s ,  t h e r e  i s  no 
need f o r  such r e s t r i c t i o n s  t o  be imposed on u rban  s p a t i a l  dynamics. 
I n  what fo l lows ,  we s e t  up t h e  urban r e l a t i v e  s p a t i a l  dynamics under 
v a r i o u s  g r w t h  c o n d i t i o n s .  We demons t ra te  t h a t  s p a t i a l  r e l a t i v e  dynami c s  
correspond t o  p a r t i c u l a r  a b s o l u t e  growth e c o l o g i c a l  conse rva t ion  dynamics o f  
Vol te r ra .  Then, we proceed t o  show t h e i r  s t a b i l i t y  p r o p e r t i e s  and d i s c u s s  t h e  
compet i t ive  exc lus ion  c o n d i t i o n ,  a  r e s u l t  a p p l i c a b l e  t o  a l l  r e l a t i v e  s p a t i a l  
dynamics. T h i s  d i s c u s s i o n  h a s  d i r e c t  i m p l i c a t i o n s  upon t h e  a p p r o p r i a t e n e s s  of 
t h e  d i f f e r e n t i a l  e q u a t i o n s  assumed t o  hold  f o r  s p a t i a l  dynamics;  a l s o  upon t h e  
accep tance  of a  g e n e r a l  "exc lus ionary  p r i n c i p l e , "  implying t o t a l  agglomerat ion 
i n t o '  a  s i n g l e  s i t e ,  i n  l o c a t i o n  theory.  F i n a l l y ,  we propose  a  co r respond ing  
in tegrand  ( e q u i v a l e n t  t o  V o l t e r r a ' s  l e a s t  v i t a l  a c t i o n  p r i n c i p l e ) ,  and we show 
i t  t o  a t t a i n  a  maximum a s  i t  governs  o u r  i n t e r u r b a n  e v o l u t i o n .  We show i t  t o  
be a maximum cumulat ive  e n t r o p y  measure of t h e  r e l a t i v e  s p a t i a l  i n t e r a c t i o n .  
Assume a  homogeneous geograph ica l  v a r i a b l e  ( p o p u l a t i o n )  d i s t r i b u t e d  o v e r  
d i f f e r e n t  l o c a t i o n s  i ( i  - 1 ,2 ,  ..., I )  a t  any t ime p e r i o d ,  t, s o  t h a t  t h e  t o t a l  
popu la t ion  V is  independent  of time: 
Along V o l t e r r a ' s  l i n e s ,  V can  be i n t e r p r e t e d  a s  t h e  t o t a l  "va lue  of t h e  
d i s t r i b u t i o n . "  C o n d i t i o n  (5.1) i s  more a p p r o p r i a t e  f o r  u rban  sys tems,  a s  i t  
i s  a  l e s s  r e s t r i c t i v e  c o n s e r v a t i o n  c o n d i t i o n  t h a n  V o l t e r r a ' s  d e f i n i t i o n  of 
V. One can extend t h e  c u r r e n t  a n a l y s i s  by examining t h e  c a s e  where V i s  a 
f u n c t i o n  of time. The s p e c i a l  c a s e  of s p a t i a l  r e l a t i v e  dynamics where V - 1 
w i l l  be r e f e r r e d  t o  as normal ized dynamics. 
V o l t e r r a ' s  a b s o l u t e  growth c o n s e r v a t i v e  ecology dynamics shown i n  (2.1) 
a r e  now t ransformed i n t o  t h e  r e l a t i v e  growth u rban  ( s p a t i a l )  c o n s e r v a t i v e  
dynamics by a system of o r d i n a r y  d i f f e r e n t i a l  equa t ions :  
s u b j e c t  t o  (5.1).  The v a l i d i t y  of such a n  a s s o c i a t i o n  f o r  i n t e r u r b a n  dynamic 
s p a t i a l  i n t e r a c t i o n  r e s t s  on t h e o r e t i c a l  grounds ,  Dendrinos (wi th  M u l l a l l y )  
[ 5 ] ,  as w e l l  as  on e m p i r i c a l  v e r i f i c a t l o n .  On t h e  t h e o r e t i c a l  f r o n t  i t  
i d e n t i f i e s  i n  i t s  canmunity mat r ix  of c o e f f i c i e n t s  a  s e t  of a l l  p o s s i b l e  
geographies ( p r e d a t o r y ,  compet i t ive ,  c o o p e r a t i v e ,  i s o l a t i v e ,  amensal, 
commensal) among v a r i o u s  urban s e t t i n g s .  Recent e x t e n s i v e  e m p i r i c a l  evidence 
seems t o  s u p p o r t  t h e  p r o p o s i t i o n  t h a t  aggrega te  urban dynamics can be 
e f f i c i e n t l y  d e s c r i b e d  by models drawing from mathemat ical  ecology and 
popula t ion  dynamics. Although t h e s e  e n p i r i c a l  f i n d i n g s  a r e  mostly repor ted  
f o r  s i n g l e  c i t y - n a t i o n  i n t e r a c t i o n s ,  Dendrinos ( w i t h  M u l l a l l y )  [ 5 ] ,  t e s t i n g  of 
multi-urban i n t e r a c t i o n s  c u r r e n t l y  underway prov ides  s u p p o r t  f o r  such modeling 
e f f o r t .  These f i n d i n g s  a r e  repor ted  i n  forthcoming papers ,  f o r  example 
Dendrinos [ 4 ] .  
Two q u a l i t a t i v e  f e a t u r e s  of t h e  model i n  (5.2) a r e  w e l l  known: f i r s t ,  i f  
t h e  system has  an  e q u i l i b r i u m  s o l u t i o n ,  i t  i s  u n s t a b l e ,  o r  ( a t  b e s t )  n e u t r a l l y  
s t a b l e ;  second, f o r  i t  t o  have a  s o l u t i o n ,  c e r t a i n  c o n d i t i o n s  must hold 
connecting t h e  model's c o e f f i c i e n t s  i n  t h e  canmunity i n t e r a c t i o n  mat r ix .  We 
address  next t h e  q u a l i t a t i v e  p r o p e r t i e s  of t h i s  model and t h e i r  t h e o r e t i c a l  
impl icat ions .  
The a n a l y t i c a l  a s p e c t s  of t h e  model a r e  shown i n  Appendix B ,  where, i t  is 
proven t h a t  t h e  model's parameters  must s a t i s f y  a  s p e c i a l  antisymmetry 
cond i t ion ,  under  ze ro-se l f  growth f o r  i t  t o  have a  s o l u t i o n .  Empir ical  
t e s t i n g  of v a l i d i t y  of such  i n t e r u r b a n  a s s o c i a t i o n  a l lows ,  among o t h e r  
th ings ,  t h e  examinat ion of any c o r r e l a t i o n  between s p a t i a l  r e l a t i v e  impedance 
( o r  r e l a t i v e  a c c e s s i b i l i t y )  and t h e  magnitude and /or  s i g n  of t h e  i n t e r a c t i o n  
c o e f f i c i e n t s .  On a t h e o r e t i c a l  l e v e l  i t  enab les  u s  t o  d e t e c t  ( i n  c a s e  of a  
s o l u t i o n )  t h e  under ly ing  i n t e g r a n d s  governing urban s p a t i a l  r e l a t i v e  
dynamics. T h i s  an t i symmet r ic  p roper ty  is  very i n f o r m a t i v e ;  i t  shows t h a t ,  
under s p e c i f i c a t i o n  (5.2),  and vhen s o l u t i o n  e x i s t s ,  s p a t i a l  c o n s e r v a t i v e  
dynamics a r e  p u r e l y  c a p e t i  t i v e .  a l s o  i m p l i e s  t h a t  t h e r e  is no f r i c t i o n  
due t o  agglomerat ion i n  r e l a t i v e  dynamics, t o  damp t h e  dynamic e q u i l i b r i u m ,  
t h u s  producing exc lus ionary  a l l o c a t i o n s .  
B. Equi l ib r ium s t a t e s  of r e l a t i v e  s p a t i a l  dynamics and d i s c u s s i o n .  
Although V o l t e r r a  d i d  not  examine z e r o  se l f -growth c o n s e r v a t i v e  
a s s o c i a t i o n s ,  from t h e  p o i n t  of view of urban s p a t i a l  dynamics t h e s e  
a s s o c i a t i o n s  a r e  i n s i g h t f u l  t o  model r e l a t i v e  d i s t r i b u t i o n  dynamics. Under a 
r e l a t i v e  framework i n t e r n a l  growth and n e t  m i g r a t i o n  a r e  i n t e r t w i n e d  s o  t h a t  
t h e i r  canbined e f f e c t  is  modeled. An impor tan t  example of a z e r o  se l f -growth 
normalized e c o l o g i c a l  a s s o c i a t i o n  was f i r s t  s t u d i e d  i n  t h e  theory  of temporal  
d i f f u s i o n  of c w p e t i t i v e  i n n o v a t i o n s ,  Son i s  [ l o ] .  
I n  t h e  c a s =  of r e l a t i v e  growth d e p i c t e d  by (5.2) t h e  s t a b i l i t y  p r o p e r t i e s  
of t h e  e q u i l i b r i u m  d i f f e r  s i g n i f i c a n t l y  from V o l t e r r a ' s  c o n s e r v a t i v e  
e c o l o g i c a l  a s s o c i a t i o n s  (2.1),  (2 .5) :  t h e r e  is no need f o r  a n  even number of 
s p e c i e s  t o  i n t e r a c t  f o r  a  s t a b l e  e q u i l i b r i u m  t o  e x i s t .  I n  agreement wi th  
V o l t e r r a ,  ,however, i f  a s o l u t i o n  e x i s t s  t h e  e q u i l i b r i u m  is s t a b l e  o n l y  under 
c o m p e t i t i v e  exc lus ion .  T h i s  - i m p l i e s  t h a t  on ly  t h e  c o n c e n t r a t i o n  of t h e  whole 
(homogeneous) g e o g r a p h i c a l  s u b s t a n c e  (e .  g. popu la t ion ,  c a p i t a l ,  income, e t c .  ) 
i n  one of t h e  r e g i o n s  can be  s t a b l e  a s y m p t o t i c a l l y .  Asympto t i ca l  s t a b i l i t y  of 
* * * 
t h e  e q u i l i b r i u m  s t a t e  (yl ,  y2,  . . . , y  ) means t h a t ,  f o r  any small I 
p e r t u r b a t i o n ,  t h e  pe r tu rbed  s t a t e  ( y l ,  y2, ..., yI) e x h i b i t s  t h e  dynamic 
p roper ty :  
l i m  y i m y ; ,  i = 1 , 2  ,..., I .  
Proof of t h i s  s t a t e m e n t  f o r  s p a t i a l  c o m p e t i t i v e  e x c l u s i o n  is s u p p l i e d  i n  
Appendix B. 
Under r e l a t i v e  growth c o n d i t i o n s  d e p i c t e d  by e x p r e s s i o n  ( 5 . 2 ) ,  a t  b e s t  
n e u t r a l l y  s t a b l e  s o l u t i o n s  a r e  ob ta ined  and i n  a l l  l i k e l i h o o d  on ly  e x c l u s i v e  
a l l o c a t i o n  of t h e  homogeneous geograph ic  v a r i a b l e  o n t o  one l o c a l e  w i l l  
r e s u l t .  In te r -u rban  i n t e r a c t i o n s ,  viewed w i t h i n  t h e  framework of a  s p e c i f i c  
environment ( t h e  n a t i o n  o r  a  r eg ion)  used t o  normal ize  t h e  urban s i z e ,  imply 
a s y m p t o t i c a l l y  s t a b l e  t o t a l  agglomerat ion of t h e  geograph ic  v a r i a b l e  on to  one 
s i t e .  Th i s  is t h e  r e s u l t  of p u r e  compet i t ion  and absence of f r i c t i o n  found i n  
t h e  an t i symmet r i c  p r o p e r t i e s  of t h e  i n t e r a c t i o n  mat r ix .  I n  modeling s p a t i a l  
dynamics i n  a r e l a t i v e  framework, t h u s ,  fundamental  i n s t a b i l i t y  is  b u i l t  i n t o  
t h e  system. 
One by look ing  a t  t h e  e rnp i t i ca l  ev idence  produced s o  f a r ,  Dendrinos ( w i t h  
M u l l a l l y )  [ 5 ] ,  f i n d s  s t a b l e  p a t t e r n s  of s p a t i a l  growth when c i t i e s  a r e  viewed 
i n  i s o l a t i o n  and i n  r e f e r e n c e  t o  t h e  n a t i o n  a s  t h e  environment o v e r  which 
t h e i r  r e l a t i v e  s i z e  is computed. Th i s  j u x t a p o s i t i o n  h a s  c e r t a i n  i m p l i c a t i o n s :  
t h e  r e l a t i v e  community i n t e r a c t i o n  matrix of (5.2) may be a p p l i c a b l e  f o r  
c e r t a i n  s e l e c t i v e  environments  ( i . e . ,  r e g i o n s ) ,  t h e  U.S. as a  whole n o t  being 
one  of them f o r  i t s  urban  areas. I n  theory ,  t h e r e  i s  no apparen t  r e a s o n  why 
one cannot  f i n d  a n  environment wi th  r e s p e c t  t o  which c i t i e s  cou ld  e x h i b i t  
dynamics of t h e  t y p e  found i n  (5.2). F u r t h e r ,  t h e  s t a b i l i t y  p r o p e r t i e s  of 
p a r t i c u l a r  s p a t i a l  sys tems may va ry  as one changes t h e  broader  environment 
w i t h i n  which t h e s e  sys tems are viewed. T h i s  may l e a d  t h e  s p a t i a l  a n a l y s t  i n  
c e r t a i n  i n s t a n c e s  t o  f o r m u l a t i n g  i n t e r u r b a n  i n t e r d e p e n d e n c i e s  i n  a d i f f e r e n t  
manner t h a n  (5.2).  For  i n s t a n c e ,  one  may wish t o  i n t r o d u c e  s t r o n g e r  forms of 
i n t e r u r b a n  i n t e r c o n n e c t a n c e  by i n c l u d i n g  c u b i c  terms i n  t h e  s t a t e  v a r i a b l e s ,  
S o n i s  [ 101. 
The i n f o r m a t i o n  of a n  a c t i v e  environment can be accomplished w i t h  t h e  
h e l p  of a  s t o c h a s t i c  m a t r i x  S - ( (s i j I  1 which d e s c r i b e s  t h e  p r o c e s s  of 
r e d i s t r i b u t i o n  of p o p u l a t i o n  among t h e  v a r i o u s  r e g i o n s  due t o  t h i s  
i n t e r v e n t i o n .  Th i s  r e d i s t r i b u t i o n  p rocess  a c t s  i n  a d d i t i o n  t o  t h e  e c o l o g i c a l  
dynamics p r e s e n t  i n  t h e  i n t e r a c t i o n  mat r ix .  The a c t i v e  environment smooths 
o u t  t h e  extreme a c t i o n  of t h e  c o m p e t i t i v e  e x c l u s i o n  p r i n c i p l e  and l e a d s  t o  a  
more balanced f i n a l  a s y m p t o t i c a l l y  s t a b l e  d i s t r i b u t i o n  of p o p u l a t i o n  among 
regfons .  C l e a r l y ,  f u r t h e r  e x t e n s i v e  e m p i r i c a l  s e a r c h  i s  needed t o  a s c e r t a i n  
t h e  v a l i d i t y  of any of t h e  above t h e o r e t i c a l  c o n j e c t u r e s .  
C. V a r i a t i o n a l  p r i n c i p l e s  f o r  u r b a d r e g i o n a l  r e l a t i v e  growth dynamics. 
I n  t h i s  s e c t i o n  t h e  main f i n d i n g  of t h e  p a p e r  is p r e s e n t e d ,  namely t h e  
d e r i v a t i o n  of an  i n t e g r a l  which governs  t h e  e v o l u t i o n  of s p a t i a l  r e l a t i v e  
dynamics a s  assumed i n  (5.2) when they  p o s s e s s  a  s o l u t i o n .  It i s  c l o s e l y  
r e l a t e d  t o  s p a t i a l  cumulat ive  e n t r o p y  from which i t  draws i t s  
i n t e r p r e t a t i o n .  T h i s  t h e o r e t i c a l  i m p l i c a t i o n  s u p p o r t s  t h e  ev idence  of a n  
e n t r o p y  p r i n c i p l e  i n  s p a t i a l  dynamics. Cons ide r  a normalized s p a t i a l  dynamic 
s y s  ten g i v e n  by: 
w i t h  t h e  an t i symmet r i c  m a t r i x  B = (b ): b  = - b ;  b = 0 Denoting as: i j  - 
one  h a s  t h e  dynamical  system: 
I n  t h i s  z e r o  a g g r e g a t e  and se l f -g rowth  c o n s e r v a t i v e  s p a t i a l  dynamics t h e  v a l u e  
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of t h e  whole a s s o c i a t i o n  V i s  equa l  t o  one and t h e  p o t e n t i a l  i n t e r u r b a n  
demographic energy P i s  z e r o ,  ( s e e  (2 .2)  and (2 .4 ) .  T h e r e f o r e ,  one can use an 
a p p r o p r i a t e  m o d i f i c a t i o n  of t h e  V o l t e r r a  in tegrand  (3 .2)  f o r  t h e  c o n s t r u c t i o n  
of a  v a r i a t i o n a l  problem ( e q u i v a l e n t  t o  h i s  i n t e g r a l  of cummulative a c t i o n ) ,  
which g e n e r a t e s  t h e  system (6.4,  5)  as i t s  E u l e r  cond i t ion .  We propose t h e  
followfng in tegrand :  
and t h e  a s s o c i a t e d  cumulat ive  a c t i o n  
w e  i n t e r p r e t  a s  t h e  u rban  f i t n e s s  f u n c t i o n .  The v a r i a t i o n a l  p r i n c i p l e  of 
s t a t i o n a r y  cumulative a c t i o n  means t h a t  t h e  f i r s t  v a r i a t i o n  of t h e  
i n t e g r a l  El van i shes ,  g i v i n g  rise t o  t h e  system of E u l e r  d i f f e r e n t i a l  
equa t ions  
D i r e c t  c a l c u l a t i o n  g i v e s  
T h e r e f o r e  t h e  in tegrand  w e  propose through, (6.8) i m p l i e s  t h a t  through (6.9, 
10) and t h e  t ime d e r i v a t i v e  of (6.10) t h e  o r i g i n a l  c o n d i t i o n  (6.4) i s  
obta ined  , s i n c e :  
whereas,  t h e  antisymmetry of t h e  i n t e r a c t i o n  m a t r i x  B = ( b  ) i m p l i e s  (6 .5) .  i j  
The s t a t i o n a r y  value  of t h e  cumulat ive  a c t i o n  E' t u r n s  o u t  t o  be t h e  
cumulat ive  en t ropy  f o r  normalized s p a t i a l  dynamic sys tems:  
Thus, 
and, t h e r e f o r e  t h e  " s t a t i o n a r y  cumulat ive  a c t i o n "  f o r  a  normal ized s p a t i a l  
d i s t r i b u t i o n  dynamics i s  t h e  cumula t ive  en t ropy  of t h e  p o p u l a t i o n  d i s t r i b u t i o n  
/ 
d u r i n g  t h e  t ime hor izon  T. T h i s  is  our  main f i n d i n g .  
C o n t r a s t i n g  V o l t e r r a ' s  i n t e g r a n d  G, (3 .2) ,  i n  h i s  c o n s e r v a t i v e  e c o l o g i c a l  
dynamics, w i t h  our i n t e g r a n d  @ i n  r e l a t i v e  urban dynamics, one  sees t h a t  t h e  
t h r e e  terms i n  t h e  e c o l o g i c a l  c o n s e r v a t i v e  sys tems ( c o n s t i t u t i n g  t o t a l  
i n f i n i t e s i m a l  v i t a l  a c t i o n )  c o l l a p s e  i n  s p a t i a l  dynamics i n t o  a s i n g l e  term; '  
v i t a l  a c t i o n ,  i n t e r a c t i o n  and demographic energy merge i n t o  a  single e n t i t y ,  
namely cumulat ive  s p a t i a l  ent ropy.  
It is  impor tan t  t o  p o i n t  o u t  t h a t  t h e  f i r s t  term of i n t e g r a n d  6 which is 
V o l t e r r a ' s  " i n f i n i t e s i m a l  v i t a l  a c t i o n " ,  r e p r e s e n t s  t h e  Shannon e n t r o p y  of  
p o p u l a t i o n  d i s t r i b u t i o n  (Shannon (91 ,  p. 396). V o l t e r r a  n a t u r a l l y  d i d  n o t  
g i v e  such an i n t e r p r e t a t i o n  of t h e  " i n f i n i t e s i m a l  v i t a l  a c t i o n , "  ( o r  what we 
d e f i n e d  a s  " c u r r e n t  v i t a l  a c t i o n "  e a r l i e r ) ,  a s  Shannon's work appeared i n  1948 
i n  the  con tex t  of communication theory .  The second term of in tegrand  @ i n  
(6 .6)  r e p r e s e n t s  t h e  i n t e r a c t i o n  between d i f f e r e n t  p a r t s  of t h e  homogeneous 
geograph ica l  s u b s t a n c e  ( p o p u l a t i o n ) .  The analogue of  t h e  V o l t e r r a  " l e a s t  
v i t a l  a c t i o n "  p r i n c i p l e  o b t a i n s  f o r  t h e  r e l a t i v e  growth dynamics t h e  form o f  
dynamic maximum cumulat ive  e n t r o p y  p r i n c i p l e .  
I n  g e n e r a l  one  cannot  de te rmine  whether (6 .12)  h a s  a minimum o r  a 
maximum. However, f o r  a s p e c i a l  c a s e  t o  be addressed  below one c a n  show t h a t  
t h e  s t a t i o n a r y  v a l u e  of  (6.12) a t t a i n s  a maximum. Le t  u s  c o n s i d e r  f i r s t  t h e  
i n t e g r a l  ( 1 - e . ,  t h e  cumulat ive  en t ropy)  f o r  t h e  g e n e r a l  c a s e  (6.12) which c a n  
a l s o  be w r i t t e n  a s  
The f i r s t  and second v a r i a t i o n s  of t h e  cumulat ive  e n t r o p y  El a r e  
A 
where hl, h2, ..., hI a r e  t h e  v a r i a t i o n s  o f  t h e  cumula t ive  p o p u l a t i o n s ,  
Yi = J: yi d t  , such  t h a t  hi(0) = hi(T) = 0 ( s e e  Appendix A). S i n c e  t h e  
cumulat ive  p o p u l a t i o n s  Y s a t i s f y  t h e  system (6 .4 ,  5 ) ,  t h e  f i r s t  v a r i a t i o n  i s  i 
It i s  p o s s i b l e  t o  i n t e r p r e t  t h e  e x p r e s s i o n s  
as " c o e f f i c i e n t s  of  p o p u l a t i o n  i n c r e a s e  due t o  t h e  i n t e r a c t i o n , "  o r  r e l a t i v e  
m i g r a t i o n  ( i  . e . ,  r e l a t i v e  t r a n s f e r  of popu la t ion)  c o e f f i c i e n t s .  I n  a  s i m i l a r  
manner t h e  e x p r e s s i o n  1 sihi can  be i n t e r p r e t e d  a s  t h e  v i r t u a l  work of u rban  
i 
growth due t o  t h e  i n t e r - u r b a n  i n t e r a c t i o n .  
Next we draw from t h e  s p e c i a l  c a s e  of m u l t i s p e c i e s  i n t e r a c t i o n  by 
V o l t e r r a ,  when t h e  v i r t u a l  work of urban growth i s  z e r o  t o  show t h a t  (6 .12)  
o b t a i n s  a  maximum. I f  f o r  some c h o i c e  of  t h e  v a r i a t i o n s  h l ,  h2, .. ., hI o f  
t h e  cumulat ive  popu la t ions  Y Y 2 ,  ..., Y c o n d i t i o n  ( 6 . 3 )  i s  equa l  t o  z e r o ,  I 
1 sidi = 1 (1 bijYj) hi = 0 , t h e n  t h e  f i r s t  v a r i a t i o n  (6 .17)  of  cumulat ive  
i i 1 
e n t r o p y  i s  equa l  t o  z e r o  6E' = 0 , and,  s i m u l t a n e o u s l y ,  due t o  t h e  p o s i t i v i t y  
o f  t h e  popu la t ions  yi = Y i  > 0 , t h e  second v a r i a t i o n  (6 .16)  of  t h e  cumulat ive  
e n t r o p y  i s  s t r o n g l y  n e g a t i v e ,  d2e1 < 0 . 
There fo re ,  f o r  t h e  same v a r i a t i o n s  hi which imply t h e  van i sh ing  of  t h e  
v i r t u a l  work of urban growth due t o  in te r -u rban  i n t e r a c t i o n  t h e  increment  o f  
t h e  cumulat ive  e n t r o p y  
i s  s t r o n g l y  n e g a t i v e ,  which i m p l i e s  a  d e c r e a s e  i n  t h e  cumulat ive  en t ropy ,  
q.0.d. 
I n  conclueion,  a dynamic maximum e n t r o p y  problem i s  uncovered t o  g e n e r a t e  
t h e  r e l a t i v e  dynamic urban model of  s p a t i a l  a d a p t a t i o n  o f  a homogeneous 
geograph ica l  s u b s t a n c e  ( p o p u l a t i o n ) .  T h i s  f i t n e s s  f u n c t i o n  i s  e q u i v a l e n t  t o  a 
l e a s t  e f f o r t  p r i n c i p l e  found i n  V o l t e r r a ' e  ecology.  
A f i n a l  remark o n  t h e  p o s t u l a t e d  i n t e g r a n d  f o r  s p a t i a l  a s s o c i a t i o n s :  t h e  
proposed i n t e g r a n d  must not  n e c e s s a r i l y  be unique.  E i t h e r  a c l a s s  o f  
e q u i v a l e n t  i n t e g r a n d s  can  p o s s i b l y  e x i s t ,  t h e  one  proposed h e r e  being merely  
t h e i r  c a n o n i c a l  form; o r  q u i t e  d i f f e r e n t  ones  might a l s o  produce t h e  same 
r e s u l t .  For a  c a s e  i n  p o i n t  s e e  C e l f a n d  and Fomin [ 6 ] ,  p. 36 .  T h i s ,  o f  
c o u r s e ,  would imply t h a t  t h e r e  a r e  m u l t i p l e  o b j e c t i v e  f u n c t i o n s  which c a n  
produce  a n  a d a p t a t i o n  p a t h .  These  a r e  p o t e n t i a l l y  i n t e r e s t i n g  q u e s t i o n s  f o r  
f u t u r e  t h e o r e t i c a l  s p e c u l a t i o n  and e m p i r i c a l  r e s e a r c h .  
D. The Hami l ton ian  o f  u r b a n  c o n s e r v a t i v e  r e l a t i v e  dynamics.  
We now t u r n  t o  t h e  s e a r c h  f o r  a p o s s i b l e  g o v e r n i n g  H a m i l t o n i a n  o f  t h e  
normal ized  s p a t i a l  dynamics.  I n t r o d u c i n g  t h e  c o - s t a t e  v a r i a b l e s :  
ayi 
and t h e  new Hami l ton ian :  
one  c a n  o b t a i n :  
and  t h e  c a n o n i c a l  sys t em o f  d i f f e r e n t i a l  e q u a t i o n s :  
S t a t i n g  t h e  R a m i l t o n i a n  H as a f u n c t i o n  o f  t h e  c o - s t a t e  v a r i a b l e s ,  due  t o  
(7 .1 ,  2) we o b t a i n :  
Due t o  t h e  c o n d i t i o n  1 Yi = 1 t h e  v a l u e  o f  t h e  H a m i l t o n i a n  is H = 2 o n  t h e  
i 
e x t r e m a l s  Yi, and,  t h e r e f o r e ,  i t  i s  a f i r s t  i n t e g r a l  o f  t h e  no rma l i zed  s p a t i a l  
dynamics.  
I t  i s  i n t e r e s t i n g  t o  note  t h a t  one can  e a s i l y  o b t a i n  from (2.17) t h e  
f i r s t  i n t e g r a l  f o r  t h e  normalized s p a t i a l  dynamical  system a s  a  Cobb-Douglas 
* (p roduc t ion)  f u n c t i o n  II yiYi , where y  , i = 1 , 2 ,  ... , I ,  i s  some e q u i l i b r i u m  
i i 
s t a t e  of t h e  system. Th i s  express ion  i s  a l s o  similar t o  t h e  o b j e c t i v e  
f u n c t i o n  of a  geomet r i c  programming problem. 
A s  i t  was mentioned e a r l i e r ,  V o l t e r r a  found t h e  s u f f i c i e n t  c o n d i t i o n s  f o r  
t h e  p r e s e n t a t i o n  of t h e  s o l u t i o n  of system (2.1) i n  q u a d r a t u r e s .  I n  t h e  c a s e  
of t h e  normalized s p a t i a l  dynamics, t h e  a n a l o g i c a l  c o n d i t i o n  a l l o w s  us  t o  
o b t a i n  t h e  e x p l i c i t  fo rmulas  of s o l u t i o n s  i n  e lementa ry  f u n c t i o n s .  T h i s  
a l lows  u s  t o  draw some l i n k s  between s p a t i a l  dynamics and t h e  l o g i t  model. It 
i s  done i n  Appendix C.  Here,  one may n o t e  t h e  fo l lowing:$  c o n d i t i o n  (7.3) 
can  a l s o  be w r i t t e n  as 
1 1 1 1 
Yi = WP ((- I pi + 1 )  + 7 1 bi jy j ]  I 1 exp ((- f % + 1 )  + T  1 bkj y j )  
j k j (7.6) 
Express ion  (7.6) c o r r e s p o n d s  t o  t h e  l o g i t  model of  random u t i l i t y  c h o i c e  wi th  
u t i l i t y  f u n c t i o n s  
These U c o n t a i n  s e p a r a b l e  e f f e c t s ;  one  is a  n e g a t i v e  a s s o c i a t i o n  w i t h  pi and 
t h e  o t h e r  i s  a p o s i t i v e  a s s o c i a t i o n  v i t h  b  and Y j .  i j  
One may v i s h  t o  i n t e r p r e t  pi a s  t h e  r e l a t i v e  marg ina l  c o s t  of f i t n e s s  f o r  
urban s e t t i n g  i ' s  p o p u l a t i o n  ( t h e  e q u i v a l e n t  t o  shadow p r i c e s  i n  micro- 
- 
economics). A t  e q u i l i b r i u m  1 
Ui = U = H , s o  t h a t  t h e  H a m i l i t o n i a n  can be  
$we thadc G i o r g i o  Leonardi  from IIASA f o r  p o i n t i n g  t o  u s  t h i s  r e w r i t i n g  of 
(7 .9) ,  s i n c e  t h e  denominator e q u a l s  one by d e f i n i t i o n .  
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viewed a s  a r e l a t i v e  u t i l i t y  f u n c t i o n .  U t i l i t y  thus  i n c r e a s e s  a s  the  marginal  
c o s t  of f i t n e s s  d e c l i n e s ,  and i n c r e a s e s  a s  t h e  r e l a t i v e  i n t e r - u r b a n  
i n t e r a c t i o n  (1 b Y ) i n c r e a s e s .  I n  view of  t h i s ,  t h e  i n t e r p r e t a t i o n  of t h e  
i i j  j J 
r e l a t i v e  f i t t n e s s  f u n c t i o n  O is  i n s i g h t f u l :  i t  i s  t h e  sum of a l l  urban  
a r e a s '  c u r r e n t  r e l a t i v e  f i t n e s s  l e v e l .  E '  i s  t h e  cumula t ive  t o t a l  f i t n e s s  of  
t h e  community of urban a r e a s  over  a t ime  h o r i z o n  T. F i t n e s s  i s  such t h a t  
i n t e r u r b a n  i n t e r a c t i o n  maximizes t h e  cumulat ive  e n t r o p y  o f  t h e  a s s o c i a t i o n .  
(cumulat ive  a c t i o n . )  The term 1 p y r e p r e s e n t s  t h e  v a l u e  of  e f f o r t  t o  adap t  
i i i 
i n  a l l  s e t t i n g s ,  s o  t h a t  from (7.2) t h e  c u r r e n t  f i t n e s s  l e v e l  is  t h e  n e t  sum 
of t h e  u t i l i t y  l e v e l  enjoyed and t h e  t o t a l  c o s t  of a d a p t a t i o n  ( t h e  e f f o r t  t o  
adap t )  . 
One may ponder p lanning ( d e c e n t r a l i z e d  c o n t r o l )  and a g g r e g a t e  s o c i a l  
w e l f a r e  a s p e c t s  of t h e  proposed Hamiltonlan.  It must b e  k e p t  i n  mind t h a t  
t h i s  i s  a r e l a t i v e  growth model and t h e  impl ied  c o n t r o l s  a r e  much more 
comprehensive (over  s p a c e ,  f u n c t i o n s  and a g e n t s )  t h a n  t h o s e  i n  w e l f a r e  
economics. Thus, a l t h o u g h  t h e  scheme may be similar t o  w e l f a r e  maximizat ion 
problems, t h e  e c o l o g i c a l  b a s e  o f  t h e  model proposed makes a n y  p r a c t i c a l  ( i . e . ,  
s p e c i f i c )  u s e  of i t  r e s t r i c t i v e .  E c o l o g i c a l  models, and t h i s  i s  a main 
message of t h i s  l i n e  of work, p r e s e n t  a d i f f e r e n t  p e r s p e c t i v e  o n  p o l i c y  
making, a s u b j e c t  more f u l l y  addressed  i n  [ 5 ] .  They p rov ide  t h e  f i n a l  
outcomes from a complex and b r o a d e r  i n t e r p l a y  of  a c t i o n s  among a v e r y  l a r g e  
number of producers,  consumers and g o v e r m e n t s .  
Conclusions.  
V o l t e r r a ' s  o r i g i n a l  a b s o l u t e  growth conse rva t ion  c o n d i t i o n s  and va r ia -  
t i o n a l  p r i n c i p l e s  were recons ide red  f o r  one and m u l t i p l e  s p e c i e s  ecology. 
They were c o n t r a s t e d  w i t h  more s p e c i f i c  conse rva t ion  c o n d i t i o n s  f o r  r e l a t i v e  
growth and s p a t i a l  d i s t r i b u t i o n  i n  urban systems and a p p r o p r i a t e  equ iva lences  
and ' s u b s t a n t i v e  i n t e r p r e t a t i o n s  were drawn. V o l t e r r a ' s  s t a t i o n a r y  a c t i o n  
m u l t i p l e  s p e c i e s  i n t e g r a n d  G = 1 b X I n  Xi + - i i i 
c o n d i t i o n  (3.2),  was found t o  have a corresponding one i n  r e l a t i v e  s p a t i a l  urban 
1 dynamics under  p u r e  c o m p e t i t i o n  of t h e  form: $I = 2 (- 1 Yi I n  Y + - 
i 
c o n d i t i o n  (6.6). Furthe.rmore, we proved t h a t  t h e  cor respond ing  in ;egra l  
produces i n  our c a s e  E '  = (- 1 y i l n  y i )  d t ,  i.e., a s t a t i o n a r y  cumula t ive  
i 
en t ropy  measure, c o n d i t i o n  (6.13) of s p a t i a l  dynamics. 
The s t a t i o n a r y  maximum cumulat ive  en t ropy  i n t e g r a l  shown t o  govern and 
produce as i t s  s o l u t i o n  t h e  urban . r e l a t i v e  s p a t i a l  dynamics was viewed a s  one 
(among p o s s i b l y  many) a d a p t a t i o n  ( f i t n e s s )  f u n c t i o n  i n  s p a t i a l  dynamics 
e q u i v a l e n t  t o  a l e a s t  e f f o r t  p r i n c i p l e  i n  V o l t e r r a ' s  a b s o l u t e  g r o v t h  
c o n s e r v a t i v e  e c o l o g i c a l  a s s o c i a t i o n s .  The d e t a i l e d  comparison of V o l t e r r a ' s  
f i f t y  yea r  o l d  s t u d i e s  i n v o l v i n g  t h r e e  d i f f e r e n t  c l a s s e s  of e c o l o g i c a l  
problems w i t h  r e c e n t  developments i n  e c o l o g i c a l  urban dynamics v a s  shown t o  
lend new i n s i g h t s  tovard  a deeper  unders tanding of s p a t i a l  dynamic 
p rocesses .  I n  p a r t i c u l a r ,  b a s i c  c o n d i t i o n s  r e s u l t i n g  i n  dynamic i n s t a b i l i t y  
(competitive e x c l u s i o n  implying c o n c e n t r a t i o n  of p o p u l a t i o n  i n  a s i n g l e  a r e a ) ,  
o r  n e u t r a l  s t a b i l i t y  i n  r e l a t i v e  u rban  e v o l u t i o n  were provided and c o n t r a s t e d  
wi th  t h e  s t a b l e  motion of urban r e l a t i v e  dynamics viewed i n  i s o l a t i o n  w i t h i n  
t h e  n a t i o n ' s  environment.  It s e t  t h e  framework f o r  modeling mult i-urban 
i n t e r a c t i o n s .  
T h i s  t h e o r e t i c a l  framework p r o v i d e s  f o r  e m p i r i c a l  t e s t i n g ,  a t a s k  which 
on  s i n g l e  r e l a t i v e  g rowth  dynamics was p a r t l y  c a r r i e d  o u t  i n  [ 5 ] ;  m u l t i - u r b a n  
i n t e r a c t i o n s  i n  a r e l a t i v e  g rowth  framework a r e  d e a l t  w i t h  i n  fo r thcoming  
p a p e r s ,  example [4], where  i t  i s  shovn t h a t  each  p a r t i c u l a r  form of  a n  i n t e r -  
u r b a n  i n t e r a c t i o n  m a t r i x  g e n e r a t e s  p a r t i c u l a r  u n s t a b l e  h i e r a r c h i c a l  dynamics. 
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APPENDIX A 
I n  o r d e r  t o  f u l l y  c a p t u r e  the  r i c h n e s s  of V o l t e r r a ' s  fo rmula t ion ,  we go 
back to  c e r t a i n  b a s i c  p r i n c i p l e s  i n  t h e  c a l c u l u s  of v a r i a t i o n s  problems, f o r  
example Gelfand and F m i n  [ 6 ] .  The v a r i a t i o n  h ( t )  of f u n c t i o n  X ( t )  is  t h e  
. 
d i f f e r e n c e  between a  nev f u n c t i o n  X(t) and X(t)  such t h a t :  
We r e p l a c e  i n  t h e  i n t e g r a l  E a l l  f u n c t i o n s  Xi ( t )  by t h e  "var ied"  f u n c t i o n s  
Xi(t)  + h i ( t )  where hi(0) = hi(T) = 0 ,  i = 2 ,  I ,  and c o n s t r u c t  t h e  
increment &(hi)  - E(Xi + hi ,  X i +  hi) - E(Xi, hi)  . I n  t h e  c a s e  of (3.1,2) 
t h e  increment is: 
and i t  is  p o s s i b l e  t o  f i n d ,  applying T a y l o r ' s  formula ,  t h a t :  
We now form t h e  f i r s t  and second v a r i a t i o n s  of t h e  i n t e g r a l  E: 
The f i r s t  v a r i a t i o n  is: 
and the  second v a r i a t i o n :  
of 
A necessary cond i t i on  f o r  t he  i n t e g r a l  E  t o  have an extremum (maximum a 
minimum) i s  t h a t  i t s  f i r s t  v a r i a t i o n  bE vanish f o r  a l l  admissible  v a r i a t i o n s  
hi ( i .e . ,  hi(0) = hi(T) = O).: 
which is  equiva len t  t o  t h e  f a c t  t h a t  t h e  func t ions  Xi(t) s a t i s f y  t h e  Eu le r  
equations 
L 
The above condi t ions  (A.8) a r e  necessary but not  s u f f i c i e n t  f o r  t h e  ex i s t ence  
of an extremum; they d e f i n e  t h e  p r i n c i p l e  of s t a t i o n a r y  ac t ion .  . I n  o the r  
words, t h e  a c t u a l  t r a j e c t o r y  of Vo l t e r r a ' s  conserva t ive  eco log ica l  a s s o c i a t i o n  
does not rninirnize.the cumulative a c t i o n  E but on ly  causes  i t s  f i r s t  v a r i a t i o n  
t o  vanish. D i r e c t  c a l c u l a t i o n  provides immediately t h e  equ iva lence  between 
t h e  system i n  (3 .7 )  and t h e  system (2 
The antisymmetry of t h e  i n t e r a c t i o n  mat r ix  A = ( a i j )  and a p p r o p r i a t e  
s u b s t i t u t i o n s  prove t h a t  t h e  Euler  equa t ions  (A.8) a r e  V o l t e r r a ' s  dynamic 
equat ions  (2 .1) .  
A f i n a l  a n a l y t i c a l  n o t e  on system (2.1) : t h e  V o l t e r r a  d i f f e r e n t i a l  
equat ions  is a nou- l inear  one;  t h e r e f o r e ,  i t  is  u s u a l l y  imposs ib le  t o  reduce  
t h e  i n t e g r a t i o n  of non- l inear  systems t o  quadra tu res .  Given t h e  s p e c i a l  form 
( 3 . 1 ,  however, V o l t e r r a  w a s  a b l e  ( [ a ]  p. 256) t o  g i v e  c o n d i t i o n s  f o r  t h e  
i n t e g r a t i o n  of (2.1) i n  q u a d r a t u r e s  of t h e  form: 
a i j  + 'jk + .ki 
a a b b  = 0 f o r  each i ,  j, k . i j i j aj%bj% 4Cai4rbi 
(A. 10) 
But even t h i s  s imple ,  and very r e s t r i c t i v e ,  a n a l y t i c a l  form f o r  t h e  
i n t e g r a b i l i t y  i n  q u a d r a t u r e s  d id  n o t  a l low him t o  c o n s t r u c t  t h e  e x p l i c i t  
s o l u t i o n  f o r  t h e  system (2.1) i n  elementary f u n c t i o n s .  It i s  shown, i n  P a r t  
11, t h a t  t h e  c a s e  of r e l a t i v e  growth a l lows  f o r  e x p l i c i t  s o l u t i o n s  t o  be  
obta ined i n  e l a n e n t a r y  f u n c t i o n s .  F u r t h e r ,  they g i v e  t h e  model of g e n e r a l i z e d  
l o g i s t i c  growth (Son is  [ l o ] ,  p. 117). Moreover, i t  i s  be shown t h a t  
c o n d i t i o n s  (A. 10) a r e  o n l y  s u f f i c i e n t  ( b u t  no t  necessa ry)  f o r  t h e  
i n t e g r a b i l i t y  i n  q u a d r a t u r e s ,  Appendix C. 
( 2 ) ~ o t e  a n  e r r o r  regard ing  t h e  in tegrand  on p. 240 of [a ] :  t h e  p a r e n t h e s i s  i n  
equa t ion  C', last  term. 
APPENDIX B 
The system (5.2) wi th  c o n d i t i o n  of z e r o  aggrega te  growth (5.1) i s  
e q u i v a l e n t  t o  the  system 
where 
It  i s  p o s s i b l e  t o  i n t e r p r e t  t h e  above system as a  s p e c i a l  c a s e  of r e l a t i v e  
s p a t i a l  growth dynamics wi th  z e r o  s e l f  growth ai = 0,  i = 1,2,  ..., I, ("average 
weight" of s p e c i e s  e q u a l  t o  u n i t y :  bi = 1, i = 1 , 2 , .  ..,I, and i n t e r a c t i o n  
c o e f f i c i e n t s  b  = - i j  a i j  i n  a n  a n a l o g i c a l  t o  V o l t e r r a ' s  system ). Thus, t h e  
r e l a t i v e  s p a t i a l  growth model i n c l u d e s  both  z e r o  aggrega te  ( r e g i o n a l )  growth 
(V - Const)  and z e r o  i n d i v i d u a l  c i t y  growth ( a i , =  0 ) .  We w i l l  cal l  such 
dynamics " z e r o  growth dynamics." 
The i n t r o d u c t i o n  of new v a r i a b l e s  
and nev i n t e r a c t i o n  c o e f f i c i e n t s  
r e s u l t  i n  a z e r o  growth normalized dynamics: 
I t  is  important  t o  n o t e  t h a t  a  z e r o  growth (normal ized  o r  n o t )  r e l a t i v e  
s p a t i a l  dynamics can be l i n k e d  d i r e c t l y  t o  V o l t e r r a ' s  c o n s e r v a t i v e  e c o l o g i c a l  
a s s o c i a t i o n s :  t h e  c o n d i t i o n  of z e r o  a g g r e g a t e  growth (5.1) i s  e q u i v a l e n t  t o  
i.e.', t o  V o l t e r r a ' s  c o n s e r v a t i o n  c o n d i t i o n .  T h i s  f o l l o w s  immediately from t h e  
eq u a l i  t y  : 
We n w  f u r t h e r  a n a l y z e  t h e  z e r o  growth r e l a t i v e  s p a t i a l  dynamics: 
We prove t h a t  i n  t h e  above sys tem t h e  m a t r i x  B = ( b  ) is  an t i symmet r i c ,  a  i) 
f a c t  wi th  s i g n i f i c a n t  i n t e r p r e t a t i o n a l  i m p l i c a t i o n s  o u t l i n e d  i n  t h e  main 
text. By i n t r o d u c i n g  t h e  c o n d i t i o n :  
(B. 10) 
v a r i a b l e s  yl, ~ ~ , . . . , y ~ - ~  become independent.  Due t o  (B.8) one can d e r i v e  t h e  
(B. 11) 
i d e n t i f y i q  a  p o l y n a n i a l  of second d e g r e e  i n  t h e  independent  v a r i a b l e s  
y l ,y2, . . . ,y1-~.  C o n d i t i o n  ( B . l l )  ho lds  a s  a n  I d e n t i t y ,  thus  r e q u i r i n g  t h a t  
a l l  i t s  c o e f f i c i e n t s  must be  zero .  T h i s ,  i n  t u r n ,  i m p l i e s  t h a t :  
(B. 12) 
V (biI  + bIi - 2bII) a 0  , i = 1,2 ,..., 1-1 (B. 13) 
( b i j  + b,,) - (biI + bIi) - ( b j I  + bI j )  - 2bII = 0 ,  i = 1,2,.. . ,1-1. 
(B. 14) 
S i n c e  V > 0 ,  then:  
which are t h e  antisymmetry c o n d i t i o n s  f o r  ma t r ix  B = (bij) .  I n s p i t e  t h e  
similarities between t h e  above and V o l t e r r a ' s  models, n o n e t h e l e s s ,  t h e r e  i s  a 
b i g  d i f f e r e n c e  i n  t h e  e q u i l i b r i u m  p r o p e r t i e s :  a l l  p e c u l i a r  c o n d i t i o n s  
a s s o c i a t e d  wi th  t h e  e x i s t e n c e  of a n  . equ i l ib r ium found i n  a b s o l u t e  e c o l o g i c a l  
dynamics a r e  absen t  i n  t h e  c a s e  of r e l a t i v e  s p a t i a l  growth. T h i s  is proven 
below. 
* 
The e q u i l i b r i u m  s t a t e s  yi, i = 1 , 2 , . , 1 ,  of t h e  dynamical  system i n  
(B.l)  w i t h  t h e  an t i symmet r i c  i n t e r a c t i o n  m a t r i x  B = (b i j )  a r e  t h e  s o l u t i o n s  
of t h e  following system of e q u a t i o n s :  
A complete  d e s c r i p t i o n  of a l l  p o s s i b l e  types  of e q u i l i b r i u m  s t a t e s ,  a r e  
ana lyzed  next .  
I t  is easy t o  s ee  (by s u b s t i t u t i o n )  t h a t  the  s implest  s o l u t i o n s  of t he  
system a r e  I d i f f e r e n t  so lu t ions  of the  type: 
These equi l ibr ium s t a t e s  represen t  t h e  competi t ive exclusion of spec i e s  o r  t h e  
t o t a l  concent ra t ion  of whole geographical  substance wi th in  the  r-th reg ion  
( r  = 1 , .  1 Fur ther ,  l e t  us cons ider  t he  equi l ibr ium s t a t e s  with only 
r (2 < r < I )  non-zero coordinates .  For each r t h e r e  e x i s t  not  more than 
r (I) such equi l ibr ium s t a t e s .  Without l o s s  of g e n e r a l i t y ,  one can assume 
t h a t :  
For t h i s  type of equi l ibr ium t h e  system (B.16) w i l l  be: 
The matr ix  Br of t h e  l i n e a r  system (B.20) i s  an antisymmetric r x r matrix.  
I f  i ts  determinant i s  non-zero, then t h e  system has only a zero s o l u t i o n  which 
c o n t r a d i c t s  cond i t i on  (B.2 1). This  is  t h e  d i f f e r e n c e  between V o l t e r r a ' s  and 
our s p a t i a l  r e l a t i v e  growth conserva t ive  dynamics. This p o s s i b i l i t y  holds  
on ly  f o r  even r ,  due t o  the  antisymmetry of t h e  matr ix  Br. But f o r  even r i t  
i s  poss ib l e  t h a t  t h e  determinant d e t  Br w i l l  degenerate  t o  zero,  t h e  necessary 
cond i t i on  f o r  ex i s t ence  of equi l ibr ium. I n  t h e  ca se  of odd r ,  t h e  determinant  
of t h e  system (B.20), due t o  antisymmetry o r  Br ,  i s  equal  t o  zero  
au tomat ica l ly .  I n  any case,  i f  t he  determinant  of t h e  system equals  zero: 
d e t  Br = 0  , 
then  t h e  system (B.20,21) has a  s o l u t i o n  
where A a r e  t h e  a l g e b r a i c  complements ( o r  c o - f a c t o r s ) ,  f o r  t h e  e lements  a 
r j r j 
i n  t h e  r- th row of t h e  m a t r i x  Br. This  s t a tement  fo l lows  from t h e  well-known 
proper ty  of c o - f a c t o r s  (Korn and Korn [ 7 ] ,  1.5-21.: 
r d e t  Br ,  i = r 
0 , i f r  
which i n  our  c a s e  (B.22) i s  
* 
The c o n s e r v a t i o n  c o n d i t i o n  (B.21) obv ious ly  holds  f o r  yi from (B.23). 
* 
F u r t h e r ,  f o r  t h e  same y  1 
Now i t  w i l l  be shown t h a t  only  t h e  compet i t ive  exc lus ion  e q u i l i b r i u m  
(B-18) can  be  s t a b l e  a s y m p t o t i c a l l y .  The o r i g i n a l  s y s t a a  of d i f f e r e n t i a l  
equa t ions  (B.l)  c a n  be r e w r i t t e n ,  a f t e r  t h e  s u b s t i t u t i o n :  
i s  made, i n  t h e  form: 
I t  i s  well-known (Korn and Korn 1 7 1 ,  9.5-4), t h a t  t h e  equ i l ib r ium s t a t e s  f o r  
such a system a r e  s t a b l e  a s y m p t o t i c a l l y  i f ,  and on ly  i f ,  a l l  e igenva lues  of 
t h e n a t r i x L  - ) =  ( 1  ) have n e g a t i v e  r e a l  p a r t s .  L n o u r  c a s e  
i j  
(B. 30) 
and, t h e r e f o r e ,  f o r  t h e  equ i l ib r ium s t a t e s  (B.18) t h e  m a t r i x  L has  t h e  form of 
a  d iagona l  (1-1) x  (1-1) m a t r i x  wi th  i t s  d i a g o n a l  e lements  Vbir ( 1  # r )  : 
The e i g e m a l u e s  of t h e  m a t r i x  L are i ts  d i a g o n a l  e lements ,  and, t h e r e f o r e ,  t h e  
c o n d i t i o n  f o r  a s y m p t o t i c a l  s t a b i l i t y  of t h e  c o m p e t i t i v e  exc lus ion  equ i l ib r ium 
a r e  t h a t  Vb < 0 , i # r,  o r  ' :  i r  
bi r < 0 ,  i = 1 ,2 , . .  ., r-1, rt l , . . . ,  I . (B.32) 
T h i s  means t h a t  t h e  c a n p e t i t i v e  e x c l u s i o n  e q u i l i b r i u m  (B.18) i s  a s y m p t o t i c a l l y  
s t a b l e  i f ,  and o n l y  i f ,  a l l  non-diagonal e lements  of t h e  r-th column of t h e  
ant isymmetr ic  i n t e r a c t i o n  m a t r i x  B = (bi j )  are s t r o n g l y  negat ive .  
I t  fo l lows immediately f r a n  t h e  antisymmetry of t h e  i n t e r a c t i o n  m a t r i x  B 
t h a t  f r w  I d i f f e r e n t  c o m p e t i t i v e  e x c l u s i o n  e q u i l i b r i u m  s t a t e s  (B.18) on ly  one 
can  be a s y m p t o t i c a l l y  s t a b l e  s i n c e  t h e  n e g a t i v i t y  of t h e  r t h  column of t h e  
m a t r i x  B i m p l i e s  t h e  p o s i t i v i t y  of t h e  r t h  row, i . e . ,  t h e  m a t r i x  B can n o t  
i n c l u d e  tvo d i f f e r e n t  n e g a t i v e  columns. 
F u r t h e r ,  f o r  t h e  e q u i l i b r i u m  s t a t e s  of t h e  t y p e  (B.19) w i t h  r non-zero 
c o o r d i n a t e s  (B.23) m a t r i x  L h a s  components from (B.29, 30) :  
I O i > r  
i < r  . (B. 33) 
The sum of t h e  r e a l  p a r t s  of t h e  e i g e n v a l u e s  f o r  t h e  mat r ix  L i s  t h e  
t r a c e  1 lj of t h e  m a t r i x  L. Due t o  (B.25). t h i s  t r a c e  i s  equa l  t o  ze ro :  j* 
T h i s  means t h a t  t h e  sum of t h e  r e a l  p a r t s  of t h e  e igenva lues  i s  e q u a l  t o  z e r o ,  
which i s  p o s s i b l e  i f  e i t h e r  t h e  r e a l  p a r t  of each e i g e n v a l u e  i s  e q u a l  t o  z e r o ,  
o r  t h e r e  e x i s t  e i g e n v a l u e s  w i t h  s t r o n g l y  p o s i t i v e  r e a l  p a r t s .  I n  both  c a s e s  
t h e  e q u i l i b r i u m  states of t h e  t y p e  (B.23) a r e  a s y m p t o t i c a l l y  u n s t a b l e .  I n  t h e  
l a t t e r  c a s e  t h e  e q u i l i b r i u m  i s  u n s t a b l e ,  w h i l e  t h e  former  c a s e  of p u r e  
imaginary  e i g e n v a l u e s  i m p l i e s  p e r i o d i c  motion. 
APPENDIX C 
The s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  i n t e g r a t i o n  of t h e  normalized s p a t i a l  
dynamical system i n  e lementary  f u n c t i o n s  a r e :  
b i j  + bjk + bki = 0 f o r  each i , j , k  . ( c *  1 )  
These c o n d i t i o n s  t o g e t h e r  w i t h  t h e  antisymmetry of t h e  i n t e r a c t i o n  m a t r i x  B = 
( b i j )  a l l o w  t h e  c o n s t r u c t i o n  of t h e  sys tem ' s  e x p l i c i t  s o l u t i o n  i n  t h e  
fo l lowing way ( S o n i s  [ 101 , p. 116) : 
then  
where C1 i s  a  c o n s t a n t .  T h e r e f o r e ,  
Thus, 
One c a n  o b t a i n ,  due t o  t h e  above c o n d i t i o n :  
There fo re ,  from (C.5),  f o r  each f i x e d  k 
yi = yi (0 )  exp bikt  I Lyj (O)  exp b j k t  , i = 1 , 2 , . - * , I  (C.8) 
j 
The above e x p r e s s i o n  d e s c r i b e s  t h e  g e n e r a l i z e d  l o g i s t i c  growth and r e p r e s e n t s  
a  temporal  e x t e n s i o n  of t h e  well-known l o g i t  random u t i l i t y  choice  model 
( S o n i s  [ l l ] ) .  T h i s  e x t e n s i o n  l i e s  a t  p r e s e n t  . in t h e  i n n e r  c o r e  of t h e  
u n i f i c a t i o n  of i d e a s  of u rban  dynamics, i n n o v a t i o n  d i f f u s i o n  and i n d i v i d u a l ' s  
c h o i c e  behavior.  
Condi t ion  (C. l )  i s  only  a  s u f f i c i e n t  but  n o t  necessa ry  c o n d i t i o n  f o r  t h e  
i n t e g r a t i o n  i n  q u a d r a t u r e s .  For proving t h i s  one can  c o n s i d e r  t h e  fo l lowing  
normalized s p a t i a l  dynamic systems 
w i t h  t h e  an t i symmet r ic  i n t e r a c t i o n  m a t r i x  
For  t h i s  m a t r i x  c o n d i t i o n  (C. l )  i s  n o t  t r u e  because  
b12 + b23 + b31 
= 1 - 1 - 1 = -  1 2 0 ,  
but  t h e  s u b s t i t u t i o n s :  
y 2 + y 3 =  1 -  Y1 B - y1 - y 3 =  y2 - 1 




il = Y l  ( 1  - y l )  
i = - Y2 ( 1  - Y2) 
Y 3 = l -  y1 - Y2 
with an obvious so lu t ion  
y, = 1 / 1 + c,e-' , 
t y 2 = 1 / 1 + C 2 e  , 
y3 - (c1c2 - 1) / ( 1  + ~ ~ e - ~ )  ( 1  + c2et)  . 
(C. 13.2) 
(C. 13.3) 
(C. 14.1) 
(C. 14.2) 
(C.14.3) 
